Abstract. -A new mechanism for inelastic Andreev reflection at a ferromagnetic metalsuperconductor interface is proposed, which consists of the simultaneous injection of a Cooper pair from the superconductor and the emission of a magnon inside the ferromagnet. We find that this process generates an additional contribution to the subgap non-linear I(V ) characteristics, which is asymmetric with respect to the sign of the bias voltage and is related to the density of states of magnons in the ferromagnet.
Spin polarized electronics has recently become a subject of intense research [1] . Earlier studies of spin-polarized transport in tunnel junctions between normal (N) and ferromagnetic (F) metals with a variable orientation of spin polarization [2] led to the discovery of the giant magnetoresistance effect in multilayer structures [3] . Since in a ferromagnetic metal there are more carriers of one spin polarization present at the Fermi energy E F (majority carriers) than of the inverse polarization (minority carriers), an FF or an FNF junction with antiparallel spin polarizations in ferromagnetic layers has a larger contact resistance than a junction with parallel polarizations, due to a mismatch of spin currents at the interface.
It has been pointed out [4] [5] [6] that the effect of spin current mismatch also influences electronic transport in recently developed hybrid systems: ferromagnet-superconductor (FS) junctions [7] [8] [9] [10] [11] [12] . At low temperatures and small bias voltages (subgap regime, T ∆, eV < ∆) current flow through the interface is formed by the Andreev reflection process [13] whereby particles in the ferromagnetic region with excitation energies smaller than the superconducting gap energy, ∆, are reflected from the interface as holes. Since subgap transport in the superconductor is mediated by spinless Cooper pairs, the spin current is zero in the superconductor in contrast to the ferromagnet. In high-quality metallic-type FS junctions, this has been shown to result in a non-equilibrium spin accumulation in the vicinity of the FS interface [6, 14, 15] . Such an accumulation of non-equilibrium spin density generates a compensating spin-current flow and, therefore, an additional non-local interfacial resistance [5] formed at the spin-relaxation length scale in a ferromagnet [6, 15] . Alternatively, the necessity to match microscopic spin currents at the FS interface creates an opportunity for a more complex electron transfer process to manifest itself in the current formation, namely, simultaneous spin-flip and Andreev reflection. Spin-flip-assisted Andreev reflection is a quantum process in which the minority spin electron, brought into the ferromagnet via Cooper pair injection from a singlet superconductor, flips its spin in order to accommodate itself in the higher density of states spin component of the conduction band of the ferromagnetic metal. If such a process was caused by an elastic spin-flip at the interface, it would slightly change the value of the linear subgap conductance of the FS interface [15] . When it involves the emission of a magnon into the ferromagnet accompanying the conversion of the singlet Cooper pair into a couple of uncorrelated equally polarized carriers (magnon-assisted Andreev reflection, which is an inelastic process), such a quantum kinetic process should generate a non-linear addition to the I(V ) characteristics of an FS junction.
Below, we analyze the effect of the magnon-assisted Andreev reflection process on the subgap I(V ) characteristics of an FS junction using a superconductor junction with a halfmetallic ferromagnet [16] as an extreme example. A half-metallic ferromagnet is a material where the exchange spin-splitting between minority, ↓ and majority, ↑ spin bands exceeds the Fermi energy, E F , measured from the bottom of the majority band, so that such a metal has only majority spin carriers at the Fermi energy. This forbids conventional Andreev reflection at the interface with a singlet superconductor, so that magnon-assisted Andreev reflection becomes relevant, which consists of the transfer of a singlet electron pair from S to F, where one of electrons takes an intermediate state at an energy below the bottom of the conduction band for minority electrons. Then, this latter electron can emit a magnon in the ferromagnet which will carry away excess spin thus allowing the electron from the virtual state to incorporate itself into the majority spin conduction band. We predict that at zero temperature and for eV < ∆, magnon-assisted Andreev reflection adds a non-linear contribution to the current which can be characterized by the differential of the non-linear differential conductance,
Here
, where ω D is the magnon bandwidth and ω 0 is the anisotropy gap in the magnon density of states, Ω(ω), W is the conduction band width of electrons, v is the volume of a unit cell, Γ = 2J S is the exchange spin splitting in the conduction band, S is the spin of the local moments responsible for magnetism (for most applications,
The factor of two in Ω(2eV ) arises because an elementary Andreev reflection process involves a net transfer of charge 2e across the biased junction. The conductance G A incorporates all non-magnetic single-particle parameters relevant for the Andreev process for an interface with a tunnelling barrier. Although the calculation presented below was made using the tunnelling Hamiltonian approximation, magnon-emission-assisted Andreev reflection would also manifest itself in an asymmetric contribution to the non-linear I(V ) characteristics of a high-quality FS junction or a superconducting contact to a giant magnetoresistance multilayer system.
The non-linear contribution to the current, eq. (1), is asymmetric with respect to bias voltage V . It is zero for negative bias and finite for V > ω 0 /(2e). This feature can be explained using the sketch in fig. 1 which illustrates the tunnelling process between an S electrode on the left-hand side and an F electrode on the right for (a) V > 0 and (b) V < 0. We have adopted the convention that positive (negative) voltage results in a Fermi energy E F in the ferromagnet that is lower (higher) by energy |eV | than the Fermi energy E S in V> 0 (a) the superconductor. For V > 0, fig. 1(a) , Andreev reflection results in the injection of both a majority (spin "up") and a minority (spin "down") electron into the ferromagnet. The electron energies, ± with respect to E S and eV ± with respect to E F , are both above E F because of the need to move into unoccupied states in the ferromagnet, ≤ eV . At zero temperature, T = 0, the core spins are all aligned in the majority, up direction and, if E F < Γ, then only spin-up conduction electrons are present at E F in the ferromagnet. However, a dynamic process, shown schematically in fig. 1(a) , allows a spin-down electron to tunnel into a virtual, intermediate spin-down state above E F and then emit a magnon, depicted in fig. 1(a) as a flip of a core spin, enabling the electron to incorporate itself into an empty state in the majority conduction band.
On the other hand, for V < 0, fig. 1(b) , Andreev reflection would result in the injection of a spin-up and a spin-down electron from the ferromagnet into the superconductor with energies above and below E S . These energies, −|eV | ± with respect to E F , are both below E F because of the need to have initially occupied states in the ferromagnet, ≤ |eV |, and there are no spin-down states at these energies. Since a spin-up electron cannot emit a magnon (left side of fig. 1(b) ), due to conservation of total spin in the exchange interaction, the only possibility would be that a spin-up electron in the ferromagnet would absorb a magnon to form an intermediate spin-down state before tunnelling into the superconductor. However, there are no thermally excited magnons at T = 0 in the initial state of the ferromagnet (right side of fig. 1(b) ), so it is impossible for magnon-assisted Andreev reflection to contribute to current formation in negatively biased junctions.
A graphic representation of the asymmetric contribution to the current, eq. (1), is shown in fig. 1(c) . The solid line shows the calculated form of d 2 I/dV 2 in units of evG A /(2π 2 SD 3/2 ) using a spectrum of bulk magnons in the ferromagnet. The dashed line is a sketch of a possible shape of d 2 I/dV 2 which may arise if the magnon density of states displays resonant behaviour, due to finite-size effects or magnon sub-bands in magnetic multilayers. Since the magnon-emission-assisted Andreev process is inelastic, it may only occur if the gap in the magnon spectrum is smaller than the superconducting gap on the other side of the junction. Assuming that such a gap in an ideal single crystal is generated by crystalline anisotropy, the proposed mechanism demands that ω 0 < ∆, a requirement which can be met in soft magnetic materials. Data extracted from recent experiments on half metals lists ω 0 < 0.04 meV for La 1−x Sr x MnO 3 [17] , controversial ω 0 < 5 K or ω 0 ∼ 0.1 K for CrO 2 [18] , and ω 0 < 1 meV for Heusler alloy NiMnSb [19] .
To calculate the current across an FS junction, we generalize the non-equilibrium Keldysh functions approach and the tunnelling Hamiltonian method developed for normal-superconductor junctions [20] to the case of an FS junction, in all calculations paying attention to the spin polarization index of carriers, α = ↑, ↓. We represent the total Hamiltonian of the system in the form of a sum
where H S (c † pα , c pα ) is the Bogolubov-de Gennes Hamiltonian of a superconductor, and H F is a model Hamilonian of a ferromagnet,
The latter is split into two parts: one describes the majority (α = ↑) and minority (α = ↓) bands of conduction electrons, whereas the other takes into account the existence of magnons and a possibility of their interaction with conduction band electrons. Such a Hamiltonian can be obtained, for example, by applying the Holstein-Primakoff transformation to the s-f and s-d exchange models of a ferromagnet [21] after retaining only the lowest-order electronmagnon interaction terms. For illustration purposes, we shall use a quadratic dispersion, ω q = Dq 2 + ω 0 for the entire spectrum of magnons in a ferromagnet and the Debye approximation, where D = 2JS 2 a 2 . Since the relevant magnon frequencies are limited by a small gap of the superconductor,
, such a simplification does not influence the final results (a and J are the lattice and intra-band exchange constants, respectively).
The tunnelling Hamiltonian H T describes the transfer of an electron between S and F for which we assume that tunnelling coupling is independent of both the energy and initial/final state momenta, t pp = t, and that spin is conserved upon electron transfer across the interface. The latter case corresponds to an FS junction spoiled by a disordered thin potential (nonmagnetic) barrier, or, alternatively, to a point contact geometry which consists of a narrow constriction between S and F electrodes. Assuming that the voltage drop V occurs across the tunnel barrier (or a point contact) and both electrodes are almost in equilibrium, for a given distribution and density of states in the reservoirs, the current can be calculated as the mean value of the current operator,
The averages in this equation may be expressed in terms of non-equilibrium Keldysh Green's functionŝ G +− [20] . After some algebra we find that
where the gap-full spectrum of quasi-particles in the superconductor is taken into account in the off-diagonal element of the retarded Green's functionĜ R S,12 in the 2×2 Nambu representation and the energy is measured with respect to the Fermi energy E S in the superconductor. In principle, eq. (3) is valid for arbitrary transmission, but our aim here is merely to discuss the role of magnon-assisted Andreev reflection in the formation of the subgap current. Therefore, we perform further calculations in the weak-coupling limit which avoids complications due to magnetization affecting the order parameter in a superconductor in the large-coupling limit.
The subgap current in eq. (3) is expressed using the tunnelling density of states, ρ ↓ (E), of the minority spin band in the ferromagnet introduced previously [22] in relation to inelastic spin-flip tunnelling processes between two ferromagnetic metals. In the parametric regime characterised by {eV, ω 0 } E F < {Γ, W } this quantity can be represented as
where the energy E is measured from the bottom of the spin-up conduction band and L d is the volume of the system. A similar expression, with 2S = 1, was also obtained for itinerant ferromagnets [22] . The energy in the denominator of eq. (4), p +q − E + Γ, is related to the inverse lifetime of an electron in the virtual state. The delta-function in the numerator accounts for energy conservation of the entire process and the factor [1 − f (p )] indicates that this process is a dissipative one and only involves unoccupied final (spin-up) states. At T ω 0 , ∆, in our regime of interest, spin waves do not affect the majority density of states ρ ↑ (E) ≈ N (E), where N (E) is the bare electron density of states. If one uses a parabolic approximation for free electrons in a conduction band, one finds that
with
We use eqs. (3) and (5) to calculate the subgap current. In a superconductor, the offdiagonal Green's function isĜ
is the density of states in the normal state near the Fermi energy. Note that if the ferromagnet were to be replaced by a normal metal where the density of states at E F is N (E F ) for both spin channels, the current at low bias would be I = V G A with conductance
. For a disordered potential barrier at the interface of area A, the factor n = πA/λ 
Using ρ ↓ (E F + ) from eq. (5), we find for eV < ∆ ω m Γ/W that [24] 
The I(V ) characteristics obtained yield the relation between the magnon density of states and d 2 I/dV 2 shown in eq. (1). For small voltages eV ∆, the current may be simplified further as
The factor θ(2eV − ω 0 ) emphasises the absence of a contribution to the current from magnon-assisted Andreev reflection for negative bias and T < ω 0 . Note that at T > ω 0 , the absorption of thermal magnons would allow for a similar contribution to the current at V < 0.
In the present analysis, we take into account a particular process of emission of a bulk magnon into a ferromagnet, because our aim is to introduce a new mechanism of subgap transport, which consists of inelastic Andreev reflection. The role of the magnon emission Andreev process is enhanced by the necessity to reduce spin current mismatch at the SF interface, and its contribution to the non-linear I(V ) characteristics of a junction would be most noticeable in junctions between a superconductor and a half-metallic ferromagnet, which is used above as a model example [25] . This process would also produce a non-linear contribution to the I(V ) characteristics of junctions involving partially polarized ferromagnetic metals, where it would co-exist with conventional elastic Andreev reflection responsible for the linear contribution to the subgap current at small voltages and where the asymmetry of its contribution to the I(V ) characteristics could be used for distinguishing between elastic and inelastic (magnon-assisted) Andreev processes. In the case of an ordinary ferromagnetic metal, magnon-assisted processes involving various virtual states have to be considered, the detailed analysis will be reported elsewhere [26] . Starting from eq. (4), one may also take into account surface spin-wave excitations [27, 28] , which would manifest themselves in a modification of the magnon density of states Ω(ω) which appears in eq. (1). A possible mesoscopic-scale granular structure of a ferromagnetic metal, as well as the surface of a magnetic tip in a small-area contact geometry, can also influence the spectrum of spin waves, in particular, by enlarging the value of the gap in it.
